In this paper, we consider the fully degenerate poly-Bernoulli polynomials with a q parameter.
Introduction
The goals of this paper are to use umbral calculus to obtain several new and interesting identities of fully degenerate poly-Bernoulli polynomials with a q parameter. The use of umbral calculus technique has been very attractive in numerous problems of mathematics and applied mathematics (for example, see [3, 6, 16, 19, 20] ).
Throughout this paper, we assume that λ, q ∈ C with λ, q 0 and k ∈ Z. The poly-Bernoulli polynomials with a q parameter B (k) n,q (x) are defined by (see [5] ) 
In fact, they were defined by B n,q (x) in [5] . Here Li k (x) = n≥1 x n n k is the kth polylogarithm function and Li 1 (x) = − log(1 − x).
In recent years, various kinds of degenerate versions of the familiar polynomials like Bernoulli polynomials, Euler polynomials and their variants regained some interest of many researchers. For instance, in [13] a degenerate version of poly-Cauchy polynomials with a q parameter were investigated by using umbral calculus (see [15] ).
Here in the same vein the fully degenerate poly-Bernoulli polynomials with a q parameter β
n,q (λ, x) are introduced as a degenerate version of the poly-Bernoulli polynomials with a q parameter B (k) n,q (x). They are defined by the generating function
For q = 1, β
(λ, x) are called the fully degenerate poly-Bernoulli polynomials which are studied in [12] . On the other hand, we see that lim λ→0 β
n,q (λ, 0) are called the fully degenerate poly-Bernoulli numbers with a q parameter. Hence, our polynomials β (k) n,q (λ, x) give a unified language to several families of polynomials, and several well known results (see [12] [13] [14] ). Now, from (2) it is immediate to see that the fully degenerate poly-Bernoulli polynomials with a q parameter are given by Sheffer sequence (for Sheffer sequence and umbral calculus, we refer the reader to [17, 18] ) as
Recently, several authors have studied special polynomials which are related to degenerate and umbral calculus(see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] ). In next section, we derive some properties of the fully degenerate poly-Bernoulli polynomials with a q parameter (for the case q = 1, see [12] and references therein).
Explicit Expressions
In this section, we present several explicit formulas for the fully degenerate poly-Bernoulli polynomials with q parameter. To do so, we recall that the Stirling numbers S 1 (n, m) of the first kind are defined as
where (x|λ) n is defined by (x|λ) n = x(x − λ)(x − 2λ) · · · (x − (n − 1)λ), for n ≥ 1 , and (x|λ) 0 = 1. Note that the exponential generating function for the Stirling numbers of the first kind is given by
Also, we recall that the Stirling numbers S 2 (n, m) of the second kind are defined by
Theorem 2.1. For all n ≥ 0,
Proof. By (3), we have
Thus, by (4), we obtain
So, by using (6) and reordering the obtained expression, we have
as claimed.
Proof. By (8), we have
Thus, by (6), we obtain
which, by reordering the sums, completes the proof.
where B (n) is the Bernoulli number of order n given by (
By applying the transfer formula to x n ∼ (1, t) and (7), for n ≥ 1 we have
Therefore,
which, by using (9), leads to
as required.
Theorem 2.4. For all n ≥ 1,
where B (n) is the Bernoulli number of order n.
Proof. We proceed by using the proof of Theorem 2.3 as follows. By (10), we have
which, by changing the order of the summations, completes the proof.
To proceed further, we observe the following. Note that
dx with Li 1 (x) = − log(1 − x). Thus, by induction on k ≥ 2,
By setting x = 1−e −qt q , we obtain
By induction on k together with the fact that
we obtain
where B j 1 ,q (−q) = B
(1) j 1 ,q (−q) (see (1)) and B n (x) are the ordinary Bernoulli polynomials.
Proof. By (3) (with help of umbral calculus, see [17, 18] ), we obtain
Thus, by (11), we have
By (5), we obtain that α j 1 +···+j k is given by
which completes the proof.
Note that the above theorem holds for k ≥ 2. In the case k = 1, we can use similar technique to obtain β
where we leave the proof to the interested reader.
Recurrences
Note that, by (3) and the fact that (x|λ) n ∼ (1,
λ ), we obtain the following Sheffer identities:
(λ, x)(y|λ) n− j . Moreover, in the next results, we present several recurrences for the fully degenerate poly-Bernoulli polynomials with a q parameter.
Proof. Using the fact that f (t)S n (x) = nS n−1 (x) for all S n (x) ∼ ( (t), f (t)) (see [17, 18] ) in our case, see (3), we obtain
Proof. We proceed the proof by using the fact that S n+1 (x) = (x − (t) (t) ) 1 f (t) S n (x), for all S n (x) ∼ ( (t), f (t)) (see [17, 18] ). By the above fact and (3), we have that
with (t) =
Thus, by (4) and (7), we have
where we note that the expression in the curly bracket has order at least one. So, By substituting this expression into (12), we complete the proof.
In next result, we express Proof. In the case of (3), we obtain f (t)|x n− = j≥1 (−1) j−1 t j j |x n− = (−λ) n− −1 (n − − 1)!. Thus, by using the fact that d dx S n (x) = n−1 =0 n f (t)|x n− S (x), for all S n (x) ∼ ( (t), f (t)) (see [17, 18] ), we complete the proof.
